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Abstract The amplitude modulation of three dimensional
(3D) dust ion-acoustic wave (DIAW) packets is studied in a
collisionless magnetized plasma with inertial positive ions,
superthermal electrons and negatively charged immobile dust
grains. By using the reductive perturbation technique, a 3D-
nonlinear Schro¨dinger (NLS) equation is derived,which gov-
erns the slow modulation of DIAW packets. The latter are
found to be stable in the low-frequency (ω < ωc) regime,
whereas they are unstable for ω > ωc, and the modulational
instability (MI) is related to the modulational obliqueness
(θ ). Here,ω (ωc) is the nondimensionalwave (ion-cyclotron)
frequency. It is shown that the superthermal parameter κ , the
frequency ωc as well as the charged dust impurity (0< µ <
1) shift the MI domains around the ω−θ plane, where µ is
the ratio of electron to ion number densities. Furthermore,
it is found that the decay rate of instability is quenched by
the superthermal parameter κ with cut-offs at lower wave
number of modulation (K), however, it can be higher (lower)
with increasing values of µ (ωc) having cut-offs at higher
values of K.
1 Introduction
The nonlinear features of solitary waves in dusty plasmas
have been of great importance over the last many years due
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to their wide range of applications in space, astrophysical
and laboratory environments [1,2,3]. Dust grains are typi-
cally micron or sub-micron sized particles and are ubiqui-
tous ingredients in our universe. The presence of charged
dust grains in an electron-ion plasmas not only alters the
characteristics of ion-acoustic solitary waves (IASWs) but
also modifies the ion-acoustic wave as well as generates a
new kind of mode, namely, the dust-acoustic (DA) wave.
More than three decades ago, [4] reported theoretically the
existence of DIA waves in a dusty plasma. Later, in lab-
oratory experiments, [5] confirmed the existence of these
waves. A large number of investigations on DIA waves in
multicomponent plasmas have been reported in the frame-
work of Sagdeev’s approach as well as reductive perturba-
tion technique.
Furthermore, in many observations it has been confirmed
that superthermal particles exist in space plasmas [6,7,8,
9] and laboratory environments [10]. These superthermal
particles are described by Lorentzian (kappa) distribution
which is more appropriate for analysis of data rather than a
Maxwellian distribution [9]. Furthermore, such distribution
has been widely used to investigate various collective modes
as well as nonlinear coherent structures like solitons, shocks,
envelope solitons through the description of Korteweg-de
Vries (KdV), Korteweg-de Vries Burgers (KdVB) and non-
linear Schro¨dinger (NLS) equations [11,12,13,14,15,16,17,
18].
On the other hand, there has also been a growing in-
terest in investigating the nonlinear modulation of electro-
static waves in plasmas owing to their importance not only
in space and astrophysical environments but also in labora-
tory plasmas. The modulational instability (MI) of nonlinear
waves in plasmas has been a well-known mechanism for the
localization of wave energy, which leads to the formation
of bright envelope solitons. However, in the absence of in-
stability, the evolution of the system can be in the form of
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dark envelope solitons. Furthermore, due to a small plane
wave perturbation, MI can have exponential growth which
leads to the amplification of the sidebands, and thus break
up the uniform waves into a train of oscillations. A large
number of investigations on MI of electrostatic or electro-
magnetic waves can be found in the literature [14,18,19,20,
21,22,23,24,25,26]. To mention few, the MI of obliquely
propagatingDIA waves in an unmagnetized plasma contain-
ing positive ions, electrons and immobile dust grains was
reported by [19]. It was observed from the stability anal-
ysis that the obliqueness in the modulation direction has
a profound effect on the condition of MI. They also ob-
served the influence of ion temperature on the amplitude
modulation of wave and noticed that wave stability profile
may be strongly modified by ion temperature [21]. Further-
more, The nonlinear propagation of wave envelopes in an
unmagnetized superthermal dusty plasma was investigated
by El-Labany [27] et al. They shown that the electron su-
perthermality and the dust grain charge significantly modify
the profiles of the wave envelope and the associated regions
of instability. Ahmadihojatabad et al. [28] studied the influ-
ence of superthermal and trapped electrons on the obliquely
propagating ion-acoustic waves (IAWs) in magnetized plas-
mas. Bains et al. [25] addressed the MI of ion-acoustic wave
envelopes in a multicomponent magnetized plasma using a
quantum fluid model. They observed that the ion number
density, the constant magnetic field and the quantum cou-
pling parameter have strong effects on the growth rate of
MI. Also, the nonlinear propagation of DIA wave envelopes
in a three-dimensional magnetized plasma containing non-
thermal electrons featuring Tsallis distribution, both positive
and negative ions, and immobile charged dust was investi-
gated by [29].
To the best of our knowledge the investigation of MI of
DIAWs in a magnetized dusty plasma containing superther-
mal electrons has not yet been reported. Our purpose in this
investigation is to consider the propagation of DIA wave en-
velopes in a magnetized dusty plasma containing cold pos-
itive ions and superthermal electrons. We have employed
the standard multiple-scale perturbation technique to derive
the NLS equation. It was shown that in earlier investiga-
tions [30] MI of ion acoustic waves is significantly influ-
enced by the presence of superthermal electrons and growth
rate is larger in the presence of more superthermal elec-
trons. We have, however, investigated the combined effects
of the external magnetic field, dust concentration and the su-
perthermality of electrons on the MI of DIA wave packets.
It is shown that the superthermality of electrons (via κ), the
charged dust impurity and the external magnetic field shift
theMI domains around theω−θ plane, whereω is the wave
frequency and θ stands for modulational obliqueness. Fur-
ther, we have also studied the decay rate of MI by different
plasma parameters.
The paper is organized as follows: In Sec. 2, the basic
equations governing the nonlinear dynamics of DIA wave
envelopes in magnetized superthermal plasmas are presented
and the three-dimensional NLS equation is derived. The ef-
fects of various physical parameters on the existence of sta-
ble/unstable regions for the modulation of DIA waves are
investigated in Sec. 3. Finally, Sec. 4 contains the summary
and conclusions of our results.
2 The Model equations and derivation of the 3D-NLSE
We consider the nonlinear propagation of DIA waves in a
magnetized plasma consisting of superthermal electrons, cold
positive ions and negatively charged immobile dust grains.
The plasma is immersed in the constant magnetic field B0 =
B0zˆ. We adopt a fluid model for the dynamics of DIA waves
in a magnetized plasmawhich consists of the continuity,mo-
mentum and the Poisson’s equations. Thus, we have
∂n
∂ t
+∇ · (nU) = 0, (1)
∂U
∂ t
+(U ·∇)U =−
e
M
∇φ +
eB0
M
(U× zˆ), (2)
∇2φ = 4pie(ne− n+Zdnd0), (3)
where the superthermal electrons are given by the kappa dis-
tribution [31]
ne = ne0
[
1−
eφ
(κ− 3/2)kBTe
]−κ+1/2
. (4)
The set of fluid equations (1)-(3) in nondimensional forms
are written as
∂n
∂ t
+∇ · (nU) = 0, (5)
∂U
∂ t
+(U ·∇)U = ∇φ +ωc(U× zˆ), (6)
∇2φ = ne− n+(1− µ), (7)
where ne and n are the number densities of electrons and
ions normalized by the equilibrium number density of ions
n0, φ is the electric potential normalized by kBTe/e, U ≡
(u, v, w) is the ion fluid velocity normalized by the DIA
speedCs (=
√
kBTe/M). The space and time coordinates are
normalized by the Debye lengh λD [=
(
kBTe/4pin0e
2
)1/2
]
and the inverse of ion plasma frequencyωpi [=
(
4pie2n0/M
)1/2
]
respectively. Furthermore, ωc = eB0/cM is the ion gyrofre-
quency normalized by ωpi. The charge neutrality condition
yields 1− µ = Zdnd0/n0, where µ = ne0/n0 is the ratio of
equilibrium number densities of electrons and ions. Next, in
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the small-amplitude perturbations, i.e., |φ | ≪ 1, and, in par-
ticular, |φ/(κ − 3/2)| ≪ 1, Eq. (4) reduces to
ne ≈ µ + q1φ + q2φ
2+ q3φ
3, (8)
where the coefficients are given by
q1 = µ
(κ− 1/2)
(κ− 3/2)
, q2 = µ
(κ2− 1/4)
2(κ− 3/2)2
,
q3 = µ
(κ2− 1/4)(κ + 3/2)
6(κ− 3/2)3
.
(9)
In order to derive the evolution equation for weakly nonlin-
ear DIA wave envelopes, we employ the standard multiple
scale technique [32,?] in which the coordinates are stretched
as
ξ = εx, η = εy, ζ = ε (z−Vgt) , τ = ε
2t. (10)
Consider A ≡ (n, w, φ) and B ≡ (u, v) as the state vectors
which describe the state at a position z and time t. The per-
turbations from the equilibrium state A(0) = (1,0,0)T and
B(0)=(0,0)T
′
are considered by assuming A=A(0)+∑∞m=1 ε
mA(m)
and B = B(0)+∑∞m=1 ε
m+1B(m). The slow-scale dependence
of all perturbed state enter via the l-th harmonic amplitude
A
(m)
l andB
(m)
l given as A
(m) =∑ml=−m A
(m)
l (ξ ,η ,ζ ,τ)e
il(kz−ωt)
and B(m) = ∑ml=−m B
(m)
l (ξ ,η ,ζ ,τ)e
il(kz−ωt) , where ω and k,
respectively, represent the carrier wave frequency and the
wavenumber. In order that n, U, φ etc. are all real, the state
variables must satisfy the reality condition with respect to
its complex conjugate parts. One should note that the trans-
verse (to the magnetic field) velocity components u and v
appear at higher order in ε than the parallel component w.
The anisotropy and higher order effects are introduced via
strong magnetic field and gyro-motion of fluid respectively
in the presence of weak perturbations [34].
We substitute the stretched coordinates (10) and the ex-
pansions given above into Eqs. (5)-(8), and collect terms in
different powers of ε to obtain a set of reduced equations.
Thus, equating the coefficients for m = 1 and l = 1, we ob-
tain the following first-order quantities in terms of φ
(1)
1
n
(1)
1 =
k2
ω2
φ
(1)
1 , (11)
w
(1)
1 =
k
ω
φ
(1)
1 , (12)
together with the linear dispersion relation
ω2 =
k2
k2+ q1
. (13)
From the second order reduced equations (m = 2, l = 1),
the following compatibility condition in terms of the group
velocity of waves is obtained as
Vg ≡
∂ω
∂k
= q1
ω3
k3
. (14)
We have depicted the variation of the carrier wave frequency
[Eq. 13] and the group velocity [Eq. 14] against the carrier
wave number k in Fig. 1. From the upper panel, we find that
as k increases, the frequency ω increases and it approaches
a constant value at higher k (> 1). Furthermore, ω (nor-
malized by the ion plasma frequency ωpi) increases and ap-
proaches a constant value (close to 1) as the wave number k
increases. Also, the value ofω increases with increasing val-
ues of the spectral index κ (i.e., when the superthermality of
electrons is somewhat relaxed), however, it remains almost
unaltered for κ > 8. Nevertheless, a reduction of the wave
frequency is noticed with increasing values of the electron
to ion number density ratio µ . This implies that as the num-
ber density of electrons increases, more electrons will flow
out of the dust grains, i.e., dust charge number decreases
in order to maintain the quasineutrality. Further increase of
µ may eventually lead to the case similar to the dust free
electron-ion plasma. Thus, negatively charged dust impurity
in the plasma with n0 > ne0 effectively increases the wave
frequency. Such dust impurity has also a significant effect
on the group velocity of waves as shown in the lower panel
of Fig. 1 (see the solid and dashed lines). The group velocity
of waves (Vg) decreases with an increase in the wave number
(k) for different values of κ and µ . It is very interesting to
see that for smaller k < 0.5 (i.e, for larger wavelength), the
group velocity reduces with an increase in µ , however, it in-
creases with larger k. Furthermore, an increase in the param-
eter κ (e.g., from κ = 4 to κ = 8) leads to an enhancement
of Vg as k → 0. Here, note that further increase of κ (> 8)
does not give any significant change in Vg.
For l = 0, 1 and 2, we can determine the second order
harmonic modes in terms of φ
(1)
1 . So, for m = 2, l = 1, we
have the reduced equations
iωn
(2)
1 + ikw
(2)
1 =Vg
∂n
(1)
1
∂ζ
, (15)
iωw
(2)
1 + ikφ
(2)
1 =Vg
∂w
(1)
1
∂ζ
−
∂φ
(1)
1
∂ζ
, (16)
with
u
(1)
1 =
ωc
∂φ
(1)
1
∂η − iω
∂φ
(1)
1
∂ξ
ω2−ω2c
, (17)
v
(1)
1 =−

 iω
∂φ
(1)
1
∂η +ωc
∂φ
(1)
1
∂ξ
ω2−ω2c

 . (18)
The second order harmonic modes with m = 2 and l = 2 are
given by
−ωn
(2)
2 + kw
(2)
2 + kn
(1)
1 w
(1)
1 = 0, (19)
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Fig. 1: Carrier wave frequencyω (upper panel) and the group velocity of the wave packetVg (lower panel) are plotted against
the wave number k for different values of κ and µ as shown in the legends.
−2ωw
(2)
2 + k(w
(1)
1 )
2+ kφ
(2)
2 = 0. (20)
Thus, we obtain
n
(2)
2 =C
(22)
1 (φ
(1)
1 )
2, u
(2)
2 =C
(22)
2 (φ
(1)
1 )
2, (21)
φ
(2)
2 =C
(22)
3 (φ
(1)
1 )
2, (22)
where the coefficients are
C
(22)
1 = (4k
2+ q1)C
(22)
3 + q2, (23)
C
(22)
2 =
ω
k
[
C
(22)
1 − (k
2+ q1)
2
]
, (24)
C
(22)
3 =
q2
3k2
+
k2
2ω4
. (25)
We note that the first order zeroth harmonics (n
(1)
0 , w
(1)
0 , φ
(1)
0 )
vanish [35], which gives u
(1)
0 = v
(1)
0 = 0. For m= 2, l = 0, we
obtain the second order and zeroth order harmonic modes in
the following forms
n
(2)
0 =C
(20)
1
(
φ
(1)
1
)2
, u
(2)
0 =C
(20)
2
(
φ
(1)
1
)2
, (26)
φ
(2)
0 =C
(20)
3
(
φ
(1)
1
)2
, (27)
where the coefficients are
C
(20)
1 = q1C
(20)
3 + 2q2, (28)
C
(20)
2 =VgC
(20)
1 − 2
ω
k
(k2+ q1)
2, (29)
C
(20)
3 =
2q2V
2
g − (k
2+ 3q1)
1− q1V 2g
. (30)
Proceeding to the next order (m = 3) and solving for the
first harmonic equations (l = 1), an explicit compatibility
condition is determined, fromwhich we obtain the following
NLS equation for Φ ≡ φ
(1)
1
i
∂Φ
∂τ
+P
∂ 2Φ
∂ζ 2
+Q|Φ|2Φ − S
(
∂ 2Φ
∂ξ 2
+
∂ 2Φ
∂η2
)
= 0. (31)
The coefficient of dispersion P and the nonlinearity Q are
given by
P≡ ω ′′(k) =−
3
2
q1
ω5
k4
, (32)
Q =
ω3
k2
[
3
2
q3+ q2{C
(20)
3 +C
(22)
3 }
]
−
ω
2
{C
(20)
1 +C
(22)
1 }− k{C
(22)
2 +C
(20)
2 }.
(33)
The coefficient S which accounts for the combined effects
of transverse perturbations and the external magnetic field is
given by
S =
ω3
2k2(ω2c −ω
2)
. (34)
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3 Stability analysis
We note that the amplitude modulation of DIA wave en-
velopes typically depend on the coefficients of the NLS equa-
tion (31), which parametrically depend on the density ra-
tio µ , the superthermality of electrons (via κ) as well as
the intensity of the magnetic field (via ωc). Inspecting the
coefficients P, Q and S, we find that P = −(3/2)q1
ω5
k4
≡
−(3/2)ω
3
k2
(1−ω2), i.e., P is always negative for κ > 3/2
(for which q1 > 0) and ω < 1. However, Q can be positive
or negative depending on the values of k, µ and κ . Also,
S > 0 (S < 0) according to when ω < ωc (ω > ωc). We will
find that the key elements responsible for the MI are the ra-
tios P/Q and S/P together with their signs and magnitudes.
Considering a harmonic wave solution of Eq. (31) of the
form Φ = Φ0 exp(iQ|Φ0|
2τ) with Φ0 denoting the constant
amplitude, one can obtain the following dispersion relation
for the modulated DIA wave packets [25].
Ω 2 = K4
(
Pα2− S
1+α2
)2
×
(
1−
2(1+α2)|Φ0|
2
K2
Q/P
α2− S/P
)
, (35)
where Ω and K ≡
√
K2
ξ
+K2η +K
2
ζ
, respectively, denote the
wave frequency and the wave number of modulation. The
parameter α ≡Kζ /
√
K2
ξ
+K2η is related to the modulational
obliqueness θ which the wave vector K makes with the re-
sultant of Kξ xˆ and Kη yˆ, i.e., θ = arctan(α). From Eq. (35),
we find that there exists a critical wave number Kc such
that K2 < K2c ≡ 2|Φ0|
2(1+α2)(Q/P)/(α2− S/P), the MI
sets in either for PQ > 0, α21 − S/P > 0 or for PQ < 0,
α21 − S/P < 0 [25]. It is further found that a critical value
of θ , i.e., θc ≡ arctan(
√
S/P) also exists for the occurrence
of MI. Thus, the MI may occur either for PQ > 0, θ > θc or
PQ < 0, θ < θc, i.e., we have two possible cases:
– Case I: When ω < ωc, the MI sets in for Q < 0 and for
any value of θ in 0≤ θ . pi/2.
– Case II: When ω > ωc, the MI sets in either for Q < 0
and θ > θc or Q > 0 and θ < θc.
From the subsequent analysis and Fig. 2 it will be clear
that the Case I is not admissible to the present study as there
is no common region for which ω < ωc and Q < 0 are satis-
fied. So, we will focus only on Case II. It turns out that when
the DIA wave frequency is larger than the ion-cyclotron fre-
quency ωc, the MI is related to the obliqueness parameter
θ , however, the instability disappears for ω < ωc. We nu-
merically investigate different stable and unstable regions
in the ω − θ plane as shown in Fig. 2. We find that the
charged dust impurity (represented by the parameter µ with
0 < µ < 1), the superthermal parameter κ and the gyrofre-
quencyωc shift the stable/unstable regions around the ω−θ
plane. From panels (a) and (b) it is clear that as µ increases,
i.e., as the number of charged dust grains decreases, a part of
the instability region (with θ < θc) shifts to a stable one and
the region of stability in the ω−θ plane increases. However,
the instability region with θ > θc increases slightly with in-
creasing values of µ . This implies that when the oblique-
ness parameter θ is below its critical value θc, the presence
of charged dust impurity in the plasma favors the instability
of modulated wave packets. Comparing panel (c) with panel
(a) we find that the superthermality of electrons (with lower
values of κ) also favors the instability in the region with
θ < θc. The instability region with θ > θc remains almost
unchanged. From panels (a) and (d) it is also evident that the
external magnetic field significantly reduces the regions of
instability both in the cases of θ < θc and θ > θc.
The maximum growth/decay rate Γmax=Im (Ω)max can
be obtained from Eq. (35) as Γmax = Q|φ0|
2 provided PK2ζ −
S(K2ξ +K
2
η) =Q|φ0|
2 is satisfied. The decay rate of MI is de-
picted in Fig. 3 for different values of κ , µ and ωc. Clearly,
the effects of higher values of κ (less superthermality) sup-
presses the instability decay rate with cutoffs at significantly
lower wave numbers of modulation (see the solid and dotted
lines). However, the decay rate becomes higher with increas-
ing values of the electron concentration (or decreasing the
dust concentration) with cutoffs at higher K (see the solid
and dashed lines). We find that in contrast to the unmag-
netized plasmas, the effect of ωc is to increase the cutoffs
at higher wave numbers of modulation, however, the decay
rate is slightly reduced (see the solid and dash-dotted lines).
4 Summary and Conclusion
We have investigated the amplitudemodulation of DIAwave
packets in a magnetized multi-component plasma consisting
of singly charged positive ions, superthermal electrons fea-
turing kappa distribution and negatively charged immobile
dust grains. Using the multiple scale technique, a NLS equa-
tion is derived which governs the evolution of DIA wave en-
velopes. It is shown that both the dispersive and the nonlin-
ear coefficients of the NLS equation are significantly mod-
ified by the effects of charged dust impurity, the external
magnetic field as well as the superthermality of electrons.
Different stable and unstable regions under modulation are
obtained in the plane of the carrier wave frequency (ω) and
the obliqueness (θ ) of modulation. It is found that the pa-
rameters κ , µ , ωc and θ remarkably shift the stable/unstable
regions around the ω − θ plane. The growth/decay rate of
instability is also examined numerically with these plasma
parameters. The main results are summarized as follows:
– Starting from a set of fluid equations, the dynamics of
weakly nonlinear, slowly varying DIA wave packets is
6 Shalini et al.
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Fig. 2: The stable and unstable regions of wave modulation are shown by the contour plots of Q = 0, ω = ωc and θ = θc in
the ω −θ plane for different values of the parameters: (a) κ = 4, ωc = 0.1 and µ = 0.2, (b) κ = 4, ωc = 0.1 and µ = 0.3,
(c) κ = 6, ωc = 0.1 and µ = 0.2, and (d) κ = 4, ωc = 0.3 and µ = 0.2. The shaded or gray (blank or white) region stands
for Q > 0 (Q < 0). When ω > ωc, the MI occurs either for Q > 0, θ < θc, or for Q < 0, θ > θc. No instability occurs in the
regime ω < ωc. In some other regions the modulated wave becomes stable.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
−0.35
−0.3
−0.25
−0.2
−0.15
−0.1
−0.05
0
K
Γ
 
 
µ=0.2, κ=4, ω
c
=0.1
µ=0.3, κ=4, ω
c
=0.1
µ=0.2, κ=6, ω
c
=0.1
µ=0.2, κ=4, ω
c
=0.3
Fig. 3: The decay rate of modulational instability Γ is shown against the wave number of modulation K with the variation of
the parameters as shown in the legend. The other parameter values are k = 0.5 and φ0 = 0.5.
shown to be governed by a three-dimensional NLS equa-
tion in which the additional dispersive terms (leading
to two more space dimensions in the equation) appear
due to the combined effects of the transverse perturba-
tions and the external magnetic field. The fluid model
with κ-distributed electrons and stationary charged dust
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particles is valid for the plasma parameters satisfying
0< µ < 1 and κ > 3/2.
– The carrier wave frequency is seen to assume a constant
value at large k > 1, and approaches the ion plasma fre-
quency with increasing values of κ . The wave frequency
ω and hence the group velocity Vg get significantly re-
duced with higher values of µ .
– The group velocity dispersion P of the NLS equation
is always negative irrespective of the values of k and
the plasma parameters. The nonlinear coefficient Q is
always negative for k & 1, however, it can be either pos-
itive or negative in the range 0 < k < 1 depending on
the values of κ and µ . For propagation below the ion cy-
clotron frequency, the DIA wave packet is always stable.
However, for ω > ωc, it is unstable and the MI is related
to the obliqueness parameter θ . The parameters κ , µ and
ωc are found to shift the instability regions around the
ω −θ plane significantly.
– The decay rate of MI is found to be significantly sup-
pressed by the effects of κ , i.e., when κ increases with
cutoffs at lower wave numbers of modulation. However,
it can be higher with increasing values of the density
ratio µ . The effect of the external magnetic field is to
decrease the decay rate with cutoffs at higher values of
the wave number of modulation.
The findings of the present investigation may be useful
for the modulation of dust-ion acoustic wave envelopes in
dusty superthermal plasmas such as those in laboratory [36],
space [37] and astrophysical [38] environments.
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